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Note on 2-rational elds
Georges Gras & Jean-François Jaulent
Résumé. Nous déterminons le groupe de Galois de la pro-2-extension 2-ramiée
maximale d'un orps de nombres 2-rationnel.
Abstrat. We ompute the Galois group of the maximal 2-ramied and omplexied
pro-2-extension of any 2-rational number eld.
Nota. This short Note is motivated by the paper Galois 2-extensions unramied
outside 2 of J. Jossey and, at this oasion, we bring into fous some lassial teh-
nis of abelian ℓ-ramiation whih, unfortunately, are often ignored, espeially those
developped by J-F. Jaulent with the ℓ-adi lass eld theory, and by G. Gras in his
book on lass eld theory, and whih onsiderably simplify proofs in suh subjets; for
instane, the main Theorem 2, due to J-F. Jaulent, generalizes the purpose of Jossey's
paper in suh a way.
1 Introdution and history
The notions of ℓ-rational eld and ℓ-regular eld (for a prime number ℓ and a
number eld K), independently introdued by A. Movahhedi and T. Nguyen
Quang Do in [MN℄, and by G. Gras and J-F. Jaulent in [GJ℄, oinide as soon
as K ontains the maximal real subeld of the eld of ℓth roots of unity, thus
espeially for ℓ = 2.
• The ℓ-regularity expresses the triviality of the regular ℓ-kernel of K (i.e.
the kernel, in the ℓ-part of the universal group K2(K), of Hilbert symbols
attahed to the non-omplex plaes not dividing ℓ).
• The ℓ-rationality tradues the pro-ℓ-freeness of the Galois group GK :=
Gal(MK/K) of the maximal pro-ℓ-extension ℓ-ramied ∞-split MK of K
(i.e. unramied at the nite plaes
1
not dividing ℓ and totally split at the
innite plaes).
More preisely, let cK be the number of omplex plaes ofK; let µK (resp. µKl)
be the ℓ-group of roots of unity in K (resp. in the loalization Kl); and let
VK := {x ∈ K
×| x ∈ K×ℓl ∀l | ℓ & vp(x) ≡ 0 mod ℓ ∀p ∤ ℓ∞}
be the group of ℓ-hyperprimary elements in K×. Then, with these notations,
from [JN, Th.1.2℄ or [G3, IV.3.5, III.4.2.3℄, the ℓ-rationality of K may be ex-
pressed as follows:
1
Aording to the onventions of the ℓ-adi lass eld theory (f. [G3, Ja℄), we never speak
of ramiation at innity but of omplexiation of real plaes.
1
Theorem and denition 0. The following onditions are equivalent:
(i) The Galois group GK is a free pro-ℓ-group on 1 + cK generators.
(ii) The abelianization GabK of GK is a free Zℓ-module of dimension 1+cK.
(iii) The eld K satises the Leopoldt onjeture (for the prime ℓ) and the
torsion submodule TK of G
ab
K is trivial.
(iv) One has the equalities: VK = K
×ℓ
& rkℓ (µK) =
∑
l|ℓ rkℓ (µKl).
When any of these onditions is realized, the number eld K is said to be
ℓ-rational.
Remark. In ase ℓ = 2, it follows from the ondition (iv) above that a 2-
rational eld has a single plae above 2.
The premises of the notion of ℓ-regularity go bak to the works of G. Gras,
mainly to his note on the K2 of number elds [G2, II,  2; III,  1, 2℄, whereas
the notion of ℓ-rationality appears (in a hidden form) in the work of H. Miki
[Mi℄ onerning the study of a suient ondition for the Leopoldt onjeture,
as well as those of K. Wingberg [W1, W2℄, onerning the same ondition.
Movahhedi's thesis and the above papers [GJ, MN℄ haraterised the going
up for ℓ-rationality in any ℓ-extension in terms of ℓ- primitivity of the ramia-
tion (a denition given in [G2, III,  1℄ from the use of the Log funtion dened
in [G1℄), a property whih was unknown in the preeding approahes.
For instane, this gives immediately that if K is a ℓ-extension of Q, a N.S.C.
forK to be ℓ-rational is that K/Q be ℓ-ramied, or that K/Q be {p, ℓ}-ramied,
where p 6= ℓ is a prime ≡ 1 mod (ℓ) suh that p 6≡ ±1 mod (8) if ℓ = 2 and
p 6≡ 1 mod (ℓ2) if ℓ 6= 2 (f. [G3, IV.3.5.1℄ giving Jossey's examples [Jo℄).
A synthesis of these results is given in [JN℄ and a systemati exposition is
developped in the book of G. Gras ([G3, III,  4, (b); IV,  3, (b); App.,  2℄).
Various generalizations of these notions have been studied by O. Sauzet and
J-F. Jaulent (f. [JS1, JS2℄), espeially in the ase ℓ = 2 whih is, as usual, the
most triky; in partiular, they introdue the notion of 2-birational elds.
Very reently, J. Jossey [Jo℄ introdued a notion of ℓ-rationality whih is
inompatible with the lassial one (for ℓ = 2, as soon as K ontains real
embeddings) and is unluky sine it does not apply to the eld of rationals Q.
For these reasons, to avoid any onfusion, we propose to speak, in his ontext,
of 2-superrational elds. More preisely:
Denition 1. Let K be a number eld with rK real plaes and cK omplex
plaes, M ′K the maximal 2-ramied pro-2-extension of K, and MK the maximal
subextension of M ′K totally split at the innite plaes. We say that K is:
(i) 2-superrational, if G′K := Gal(M
′
K/K) is pro-2-free;
(ii) 2-rational, if its quotient GK := Gal(MK/K) is pro-2-free.
The purpose of the next setion is to determine the struture of the Galois
group G′K when the number eld K is 2-rational.
Our proof relies on the funtorial properties of ℓ-ramiation theory.
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2 Main Theorem: desription of G ′K = Gal(M
′
K/K)
Our very simple result has the following statement:
Theorem 2. Let K be a 2-rational number eld having rK real plaes and cK
omplex plaes. The Galois group G′K := Gal(M
′
K/K) of the maximal 2-ramied
pro-2-extension M ′K of K is the pro-2-free produt
G′K ≃ Z
⊛(1+cK)
2 ⊛ (Z/2Z)
⊛ rK
of (1 + cK) opies of the proyli group Z2 and of rK opies of Z/2Z.
Corollary 3. The 2-rational number elds whih are 2-superrational are the
totally imaginary ones.
Proof. Consider the quadrati extension L = K[i] generated by the 4th roots
of unity. It is 2-ramied over K, thus thanks to the going up theorem of [GJ,
MN℄ (f. e.g. [JN, Th. 3.5℄ or [G3, IV.3.4.3, (iii)℄), it is 2-rational, then 2-
superrational sine it is totally imaginary. In other words, the Galois group
GL = G
′
L of the maximal 2-ramied pro-2-extension ML of L is pro-2-free.
Sine the quadrati extension L/K is 2-ramied, ML is also the maximal
2-ramied pro-2-extension M ′K of K; the Galois group G
′
K is potentially free
sine it ontains the pro-2-free open subgroup GL of index 2 in G
′
K .
As in [Jo℄, the results of W. Herfort and P. Zalesskii (f. [HZ, Th.0.2℄) give
the existene of a nite familly (Fi)i=0,...,k of free pro-2-groups on respetively
d0, . . . , dk generators (where k is the number of onjugay lasses of subgroups
of order 2 in G′K), suh that:
G′K ≃ F0⊛
( k
⊛
i=1
(Fi × Z/2Z)
)
.
In partiular, the abelianisation G
′ab
K of G
′
K admits the diret deomposition:
G
′ab
K ≃ Z
d0
2 ⊕
(
⊕ki=1(Z
di
2 ⊕ Z/2Z)
)
≃ Zd0+d1+···+dk2 ⊕ (Z/2Z)
k
.
Sine the 2-rational eld K satises the Leopoldt onjeture, we get
∑k
i=0 di =
1 + cK as well as the isomorphism T
′
K := torZ2(G
′ab
K ) ≃ (Z/2Z)
k
. Moreover
TK := torZ2(G
ab
K ) = 1, so that T
′
K is generated by the deomposition groups of
the real plaes of K whih are deployed, a key argument of lass eld theory
(f. [Ja℄ or [G3, III.4.1.5℄) giving k = rK .
Now the pro-2-deomposition of G′K learly shows that the minimal number
of generators d(G′K) and of relations r(G
′
K), dening G
′
K as a pro-2-group, are:
d(G′K) = k +
∑k
i=0 di = rK + 1 + cK and r(G
′
K) =
∑k
i=1(1 + di) = d(G
′
K)− d0.
It is well-known (f. e.g. [G3, App., Th.2.2, (i)℄) that one has
2
:
d(G′K)− r(G
′
K) = dim F2(H
1(G′K ,F2))− dim F2(H
2(G′K ,F2)) = 1 + cK .
Thus we obtain d0 = 1 + cK , giving di = 0 for 1 ≤ i ≤ k, then the expeted
result.
2
This argument is equivalent to the use of the formulas of afarevi£ (f. [Sa℄ or [NSW,
Th.8.7.3℄)
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